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A h s t r n t

~~~ The ca lcu la ted  s t r e s s — o p t  i c il  cot t I l ient s  oi’ t j u t  ‘i ~ ir ig t he
r i  at i ona I i suite r model and t he pr Inc i plc  01 add it i c i t  V o f  bun !
p l ar i~~ahil i t v  t i n s o r ~t g ive va lues  of t h .~ segment i l ur i i i ! il i t v
an i  ~- o t  r p ’ ~ , , i n  rt , I — ’ n i! i, ;iC rcement W i t !  e x ç r i ? t ; t  a l  va lues
tor  s~~~l len r d er n e t w o r k s .  l ir t l iermore’ , t hese  v i i  nos  agr e e  ~~. l I
w i th t ho f I ned t rom reaming hi ret r i nger st  id ics . Ls t I ma I es
of the t i  ~

• t of order ing in t he amorphous s t a t e  tip n ~~~ lead to
va lues apprec iab ly  in e’: ess  of those found ex p e r i r i en ta l lv .  [lie
e f t  of swelling solvent (in ~~~~ can be in te rpre ted  in terms of i ts
role in sepa rating chains from each other and in its e lf being
or ien ted by the polymer chain. This model accounts  b r  t h e
observa t ion  that 

~~~~~~ 
Increases w i t h  increasing an isnt ropv  of the

swel ling so lven t .  ihe value of t 
~ 

found for networks swollen w i th

~~ an isot ropic solvent is approx imate ly ,  but not ex a c t  lv , equl 1 to

~~~~ the intrinsic anisotropy of the segment , Ar 8 found for undi luted
networks arises In part from mutual  orientation of segments by
their nei ghbors. An additional ;luse comes from the  auisotrOpv of
the internal field arising from local order. A ll ol t hese  t ff cc t s

LiJ of the internal field arising from local order. All f t h e s e
__J effects are interpretable in terms of relativ ely s h o r t — r a n ge  inter—

actions and do not require the relativel y long—range ordering of a
I t  

type proposed in some recent theories.

INTR ODU CT I ON

~~~~~~ ,
~~~~~~~~~~~~~ The change in birefringence occurring when an amorphoui~ poTynier

is deformed is an important observation which provides inform atIon

concerning the state of order in amorphous solids. Since the
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126 STEIN AND HON(;

presence ol  r~~;t a l s  •~p p r e c i a b ly  a f f e c t s  t h e  h i r e f r i n g e n c e , we

s h a l l  r e st  r f tt  ou r  t ousiderat ions to those polymers which show no

equi l i b r i u m  c r v s t  ;i 11 in i t v at the  t em p e r i t  ur e  of s tud y . A l s o ,

because ~~t the l o o r er  u n d e r s t a n d i n g  of g lassy polymers  as compared

w i t h  rubbery  ones , we shall only consider systems above their l ’s.

The theory of birefringence of stretched rubbers was developed

by Kuhn  and Gr~in [1] and by Trejoar [2] on the basis of the same

procedure used for the development of the kinetic theory of

rubber elastic~ ’v . The model adopted was that of a chain composed

of anisotropic statistical segments which become oriented as the

rubber is stretched in a manner describable by the Gaussian

statistics of isolated chains in a cross—linked network , the cross-

linking points of which are subject to an affine transformation .

These theories lead to the expression for the stress—optical

coef f icient

n 2~’ (~ 2 + 2)2
c =  - 

— 
A T ( 1)

1 45kT n

where \n is the hirefringence of the uniaxially stretched sample

subjected to a stress ‘i (on unit area in the stretched state), k

is Boltzmann ’s constant , T is the absolute temperature , and n is

the avarage refractive index of the rubber. The anisotropy of the

statis tical segment AT is given by

= (b
1 

— b
2
)
2 

(2)

where b
1 

and b 1 are the polarizabilities parallel and perpenducular ,

respectivel y , to  the axis of the segment.

Equation (1) Is derived upon the assumption of the local

a electrical field on a segment being given by the Lorenz—Lorentz

equation which implies that the environment of a segment is

optically isotropic. It also involves the assumption of tensor

addi tivity of polarizabilities of noninteracting segments.

I 
__________________________ _______
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The an i so t ropy  of a segment may be r e l a t e d  t o  b an I ~~~t r o ~”.
ol the constituents bonds , again assuming po1 a r i ~ ib~ I it v a d i  i t lvi t v

ing

= 
~ ~ ( b - b ) 1 3  ( i 5  9 — 1 1/ 2  

l ( , )
1 2 1

I ~

where b 1. and b2 i are the  p o l a r i z a b i l it  i i ~ ; ot  t i e  1 — t i bond ,il ~~n~’

and pe rpend icu l a r  to the  bond ax i s  and 9 . is t h e  angle between t t e

bond axis and the segment axis. Recently Fiery I I I  and ~~d g a i  1 4 1
and co—workers have shown how to eva lua te  t h i s  sum in terii ~ o ’ t h e

rotational isomer model giving rise to the equation

1 2AT = — < r ~ r 1< r > ( 4 )
S . i~ 0 02 i

where r T 
is the transpose ( i . e .  , the  row fo rm )  of t h e  i n t - t o — e n d

vector r and ~ is the traceless tensor representing the Ini sorropv

of the polarizabilit y of bond i defined by

~i . ~~~. — i E . ( 5 )
= ~~i i~ 3

‘There •t . is the polarizability tensor , i . is the mean polarizahilitv ,

and E
3 

is the identity matrix. The symbol denoties averages

over the free unperturbed chain. For hydrocarbons , th is leads to

the result that

AT A
Cc
(b

l 
— b2

)
cC 

— Ac11(b i 
— b2

)cH 
(6)

where (b
1 

— b
2
)cc and (b1 — b2)~~ 

are anisotropies of the CC and Cli

bonds and A
c~ 

and A
c11 are constants dependent upon molecular

geometry. For tetrahedrally bonded hydrocarbon f 5 J ,  A (.1 1 /ACC 2

wh ile for the actua l bond angles in polyeth ylene I t is 1.88. Thus

Ar = ~~~~~~~ ( 7 )

where A r~~ 1 
is the anisotropy of the polymethylene group given by

- ~~~~~~~~~~~~~~~~~~~~~~ -
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At’
PM (b

1 
h7)c 

— 1.88 (b
1 

— b 2)CH (8)

Statist [cal calculations for polyethylene g ive a value of

Acc = 4.0 + O. h .

CO~~AR 1SONS BETWEEN EXPERIt~~NTAL AND THEORETICAL B I R E F R I N G E N C E

Experimental measurements of AT of polye thy lene have been

reported [ 6 — 8 1 .  It is found that values are higher for unswollen

samples than for samp les swollen with Decalin , the latter giving

= 4.0 A 3 for 
~2 

= 0.33 corresponding to a value of Al ’PM 
= 1.0 A 3.

Theoretical values are dependent upon the choice of bond polari—

zabilities used in the calculation of AT~11 
and are 1.47, 0.86 , and

0.57 A 3 for the bond polarizabilities Denbigh [9], Clement and

Bothere [101, and LeFevre , Orr , and Ritchie [11], respectivel y.

The latter value , which was considered most reasonable for the

Interpre tition of light—sca ttering depolarization measurements in

n—paraffins [12], is somewhat small as compared with experimental

measurements and may result partly from the fact that the

concentration of polymer in the swollen gel used for the stress—

optical measurements was relatively high, and partly because

Decalin is not an isotropic solvent . Similar measurements have

been report .,d for poly(dlmethy lslloxane) [8] but bond polarizabilitv

information was not available to compare with experiment.

A study of the stress—optical coefficients of cis—l ,4—polyisoprene

and cis— l ,4--polybutadiene has been reported by Ishikawa and Na gai

[13] who also find that the SOC for the dry rubbers is greater than

that for the rubbers swollen with an isotrop ic solvent . For cis—

PBD , calculated values of Al’ range from 5.33 to 5.58 ~3 depend ing

on the parameters used in the statistical weight matrices and

using the Clement and Botherel polarizabilities [101 as compared

with experimental values of 5.8 A 3 on swollen samples and 7.5

for unswollen samples . Considerably smaller values of 3.92 and

4.09 A 3 are found using Denbigh ’s [9] or LeFebre ’s [11] values

of bond polarizabi li ties, respectively .
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For e i s — P I P , y a l c u l a t e d  va lues  [ 13 1  r Inpi I i uI 1 . 1

0 .764  A 3 as compared w i t h  an e x p e r i m e n t a l  v ; i l i i i  I °.7. A

calcu la t ed  f r o m  d a t a  of Smj  ( h i  and P u t t  1 16 i i i  i t1 - ;w I I I i  t i l t  I T  al

rubber .

For the  above t h r ee  cases , t h e  - i s  r t ’emi  n t  h t  we~ x~~i I men I t i

theory  is considered satisfactory, e— p e i i i  l v  i ; t  vi ew ut Ii.

u n c e r t a i n ty  concerning the  values  ~t an i t  t ‘p 1 b ond po I - jr I zib j i l t

I t  should be emp has iz ed  t h a t  t h e  t h e o r y  ii ~ t i l  is nj  i -h  i t i ;u i  v i ”-;

t he  o r i e n t a t i o n  of an i s o l a te d  cha in  w i t h  no ~~~i t  N l it  i i ;  l i t

o r i e n t a t i o n  of segments on d i f f e r i n g  c h a i n s .

A systematic study of the stress—optical c it ~ I. i . n t s  0 7

samples of poly(l ,4—hutadienes) 0 1 differing cis - n l , m t  was

undertaken by Fukada , Wilkes • and ~ t em [15 1 , will ) ( n O t  I rt~ - 1 t l ie

earlier reports of Ishikawa and Naga i (II I md Cent ( l # (  that

the values are appreciably affected by the sw ell in ~’ so l vent used .

For example , Fig. 1 shows a typical result [15 1  l o u  t h e  variation

of birefringence with stress for high—cis cross—linked I ,’.—p oly—

butadiene rubber swollen in a variety of solvents.

The value of the SOC increases with the anisotropv of the

solvent and Is least for the isotrop ic solvent , ((:1 , . Fhe va l ues

with CC1
4 

are less than those for the unswollen polyrne i . I t  is

suggested that adsorbed anisotropic solvents are oriented along

with the polymer molecules and add to their anisotr pv . Thus ,

for the unswollen polymers, the neighboring chains are adsorbed

on each other and add to the SOC. This effect is dim inished upon

swelling with an isotropic solvent.

Another effect seen upon swelling is tha t both the stress and

birefringence of the polymer obey Mooney—R ivlin-tvpe equations

.

~~ 

rT ’3 / 1 A 2 - A 1] ~ 2C~ + 2C
2/

A (9)

(A n)i~~”~ / [X2 — A 2 ] B
1 

+ B2/X (10)

where is the elongation ratio , 
~2 

is the volume fraction of

rubber , and the constants C
2 

and B
2 represent deviat ions from

—- — .- -— - .. ~~~~~~~~~~~~~~~~~~ - - -
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Fit;. I. Ih e  variation of birefringence with stress for high
cis cross—linked 1 ,4—polybutadiene rubber swollen in a variety
of solvents (From Ref. 15 , Fig. 15).

idea l beha’ ior. It is found that both C2 add B2 d iminish to

essentially zero upon swelling, and one might wonder whether this

effect suggests chain packing or order. However , it has been found

that both C 2 [1 6-191 and B
2 [191 

are substantially decreased for

unswollen networks which are cross—linked in the swollen state.

Figure 2 shows a typical hirefringence Mooney—Rivlin—type plot [191

obtained from samp les of cis—1 ,4—polybu tadiene cross—linked in

beniene solution at volume fractions 4’r 
designated in the figure.

(v
~ 

In the h igure corresponds to 42 in Eq. 9 and 10). Curves are

shown for measurements made on the subsequently dr ied polymer a

well as for samples then swollen with CC1
4 

to values of 
~2 

In tI~

range of 0.04 to 0.09. It is seen that even in the dry state the

slope of this plot is quite small , ind icating values of B2 of the
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FIG. 2. Mooney—Rlvlin type plots for the hirefr ingence—strain
relationshi p ror solution vulcanized cis—1 ,4—polvhutad iene . Samples
were vulcanized in solution containing a volume tr a cti on of rubber
des igna ted by • in the figure. (The symbol V

r ~ fl t h e  f i gure
corresponds to 

~2 
in the text.) (From Ref. 19 , Fig. .‘ ) .

•1

order of 0.2 X 10 ‘~~
. Since it is not lIkel y tha t the mo lecular

order In the dried network will depend upon the state oh swelling

i t  t c t ime of cross—linking, it seems that this reduction is

related to network topology d ifferences dependent upon the state
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of swelling at t h e  tim e ’ of cross—linking. It has recently been

suggested (201 th at ditf erences may be related to the greater

number of jut r;im ol. ’ciil.ir cross—links occurring when cross—linking

i i i  stil ut  t o n . Iii - ny i- use i t  does not  appear  (h a t  the f in I t e

values of C ;iiid H a r t ’  d i r e c t l y  r e l a t ed  to amorphous order h e r

these systems . However , the dependence of B1 
upon the amoun t and

kind of swelling solvent does suggest that its change may relate

to amorphous structure.

A si gnifi ca nt observation pointed out by Fukuda et al. [15] is

the correspondence of the SOC ’s obtained both for cjs— and trans—

PBD from measurements on swollen networks and those obtained by

streaming birefringence techniques with dilute solutions [21, 22 1 .

Figure 3 shows a comparison of some measurements by Fukuda et al

[15] of SOC ’s measured on some samples of cross—linked PBD samples

of differing cis— 1 ,4, content swollen with different solvents with

values obtained hv stre am ing birefringence by Poldubny i et al. [211

and by Phi’l i poff [22]. The theory of streaming birefringence [23 [

indicates that it should give the same value of SOC as does the

measurement on the (-ross—linked network. Since the streaming bire—

fringence measurement is concerned with molecules in solution which

are separated from each other , it is not likely that it can be

affected by arnorp h; itis ordering . Thus the correspondence of the

values of SCt ‘s measured by these two very different techniques

suggests that the model based upon the orientation of isolated

chains described by Gaussian statistics is appropriate for

moderatel y swollen networks and is inconsistant with any ordered

structure. The question remains as to whether there is any

increase in ordering in going from a swollen to an unswollen

network. it should be noted that the difference between the values

of the SOC in the inswollen and isotropically swollen state is

relativel y sma l l , usuall y less than a factor of 2, and the en—

bane elnent of the SOC in the dry state is comparable with that

produced by the ordering of a solvent such as toluene in the swo11e~
state. Consequentl y, we feel that while there may be some ordering
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samples of c ross—l inked  1 , 4 — po l y b u t a d  ie ne w i t  hi c i  s c o l t  a i i t  ~ id fo r
a n u m ber  of swel l ing so lv e n t s  a~ compared w i t h  s t r ’ . i n i i n c  h i r e -
fringence data. (From Ref. 15 , F i g . 2 1) .

in dry polymers , relatively shor t  -~i aii~ e order ing is -o il f Ic ien t t o

account for the observed result.

THE EFFECT OF AMORPHOUS ORDER ON THE STRESS—OPt ICA I , C(IEFFICI FIMI

In order to acco unt for the possible effect o h  order ing on the

SOC. we should examine the assumptions involved in the de rivati ons

of Fq. (1). It is based upon the Lorenz—I.orentz equation for the

relationship between the refractive index , n , and the p ol ar i zab flity

per unit voi time P:
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= 
‘0  ( 1 1)

n + 2

which gives by d i f f e re n t ia t i n g

2 (ii +- 2) 2

An = - - - — P
2

) ( 12 )
9 i-i

The polariz ahili tv difference is then related to the anisotropy

of the segment 1w

— = N f A r  (1 3)

where N is the number of segments per unit volume and f is the

orientation function of a segment defined as

f — Li cos > — 11/2 (14)
S S av

where is the angle between the segment axis and the stretching

direction . f may be given by the kinetic rubber elasticity

theory in the Gaussian approximation as

1 Nc —lf 
- 

- (~~2 
- 

~ 
(15)

S N
S

where N is the’ number of chains per unit volume .

Equation (1) results from combining Eqs. (12) through (15)

with the kinetic elasticity equation for the stress

— N kTP~ 
- ~~~~~~~~ (16)

Ordering in the amorphous state will affect the derivation at

two points: in the use of Eq. (11) for the internal field and in

the use of Eq. (15) for segment orientation . Equat ion (15) i’

obtained in the Kuhn—Crun treatment [1) by calculating the
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d i s t r ib u t  ion f u n c t i o n  of scpn ie l l t  orientations w i t h  -spi-c t to t t i e

displacement vector R using t h e  l a g r ; i l l C c  i a - I  l t t d  i t t  -iti d ’ -t - i m i n c i

m u l t i p 1 i t ’r ~ s u b j e c t  inp the distribution t t h i -  c o a t  r a in i s  I a

ixed number  of s egment s  and o f ix & -~ I t - n - I t ot IL } t i ~ ; J o , i i s  I C) d

v a l u e  fo r  t h e  o r i e n t a t  ion I t i n c t  ~~~ f~ of a - m i - r u  a ~ i t  hi  I -~ ; p i u t  to

R .  The o r i e n t a t  ion function , I , is li -n ht .u m i d  l i ?  I i r v o l u t  t n t -
S

t h i s  t u n c t i ~~o w i t h that of R w i t h  respect to Il u : t r i -  I t h i n ,’ d i r -

t ion. In this derivation , the segments art c o lt s  id. r i - I I l iv-

equal  a p r i o r i  proha h i 1 itv of any orient al ion , ~iii~1 ‘t o  I n t i- r -ict 100

be twee n segments  on different chains is c o n s i d e red . i b i s  i s

obviousl y not so for an ordered amorphous phase. In a rvsta ] lin e -

polymer , for examp le , a group of q segments on nei phi hori n g ch i ;uiiis

must be maintained parallel to each other. In this ca~ ;i the

segment orientation function will he q t imes that :~ iv (- r l by Eq. (15).

In the case of intermediate order , an average , q, nay Tm used which

represents the number of segments surrounding 1 o i v ~~n segment

whose orientation is correlated with that of the first segment.

Since the SOC of the dry polymer was generally Tess than two t imes

that of the swollen polymer , the factor q must he less than 2 ii

it is attributable to this cause. This is smaller Cv an order 01

nagnit uide or two than what would he expected on the bas is of models

which would have been proposed [24 , 25] for ordered amorphous

polymers .

The theory for the SOC for a swollen network of noninter acting

chains [2) requires that the SOC should not vary with degree of

swelling, provided that I F  is not affected . If solvent molecules

are oriented along with the polymer segment , the v~l llIc of ‘- F will

be enhanced to give

= Ai ° + AF U7)
S s

where AT’ ° is the anisotropy of the isolated po l ymer segment and

is the additional anisotropy resulting f rom t h e -  o r i e n t a t i o n  of

t h e  s u r r o u n d i n g  so lven t .  This  Is g iven  by

-
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A r =  A r Nf f 9 
( r ~~ ) d r

~~ 
( l x )

Is t h e  m t  r i r i s i c  an I s o t r o p y  of t h e  s o l v e n t  m o l e c u l e , a nd N

Is the iiumh i-r oh solvent molecules per unit volume given by

N = ( N )/M. (19)
i t

where  
~~~, 

i s  the densit y of the solvent , N Is Avagardro ’ s n umbe r ,- 0

and SI.. is the mol ecular weight 01 the solvent . f (r ) is the
I

orient ation function of the solvent molecules at a d i st a n c e  r -
f r o m  t h e  segment  w i th respect to the  segment axis  de f i n e d  by

( r I = ( I  co~~ ° — 11/ 2  (20)
V. s 2  s d . r

where ’ u i s  t he  a n g l e  be tween the  segment axis  and ihe op t  ic a x i s

of t h e  solvent . The i n t e g r a l  is over all lengths and orientations

o f r .  I hic symbol -‘ designates ave r ag ing at constant r~~~.

10 2
r ) cos 3 sin 0 ~~

2 si —si S1 si 
~ (21)‘c o s = — - - — — - - - —- -—

~~~
-— 

~~~~~~~~~~~~ 
s~ r p ( u i  

-- , r ) sin 1 d i

Jo 
~~ SI si si

where P (- 
— , r ) is the probability of o r i en t a t i o n  at angle u~s~

_ s~
for a solvent molecule separated from the segment by distance

r . This may be described by a B o lt zman n  d i s t r i b u t i o n-s i  -

p ( ’ u , r ~) K exp [— V ( 0  , r )/krj (22)
51 ~5 1 S i  5 ’

where V(0 , r Is the potential fo. interaction between the

po lymer  segment and the’ solvnet  molecu le  which  depends upon i n t e r -

m o l e c u l a r  for c e s  and decreases r a p i d l ’  w i t h  t he i r  separat  ion .

It is evident from this treatment that Al’ should Increase wi i
S

increasing solvent a n i— .otr opy, A! 9, and should be a minimum for
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i - i t t  epi c a.l’ ~- &’ i i t  a . h owe v er , i t  m u s t  h~’ ri -al u - -I  I 1 , - I

‘ P  = ( + ( 
(1  

I

m I t  - m d

I)
where (AF _ ) . is tim - in h e r e nt  a n i o t r i pv P t ’ u . -  t a t  - i l  i -il i - ; t ’I ’ i . a ’

inh
m ol e c u l e  and (A l ’ 0) is t ’ lc- i n d u ce d  a r t i s t - -~~~~ - ‘ . i t  i s i n ~’ i t ’  I

m d
d i po le  m omen t induced in t h e  so lvent  C’. t u e  T i p ol  r l i ~ . - m u t  I T t

segm e n t .  T h i s , of course , depends up on t h e  — o i l  vent i i  1 - i r I s i b  i i  r v

Co ns equen t ly , even i f (~~F o ) •  = (I as w i t h  ~C I  , it t - i \  C.-
- I’ mIt 4

there is a finite (Af 0
) so t h at  A F ma ’,’ n o t  eq u i t I  ‘° i - ~ ism d  s

usually am;sumed .

To some extent , the enhancement of Al ’ for ,,nswol ic - t i l~,n, -r-I
S

w h i c h  a r i ses  from local  o rde r  may be t r e a t e d  i n  t l , u -  a l ~~~ce m n a n , t i ’r

i n  wh ich  t h e  segments of neighboring chains p l i v  l i i -  r i .-

o rdere d  solvent  molecules .

EFF E CT O F I NT E RNAL F I ELD

-rhe r e f r a c t i v e  index of a m a t e r i a l  is r e a l t e - d  t o  its pol I r iS - i t  i - - a

by

— 1 = 4 n PIE (24)

where E is the applied field . P in torn is given ho

P = N n
e f f  

(2 5 u

where N is the number of molecules/cm
3 

having p o l a r i z a b i l i t v  - t ,

and E is the  e f f e c t i v e  f i e l d  a c t i n g  on the  m olecule. Ib is is
- eff

realted to the applied field by

E 11 
= E + (2h)

where E
1~~ 

is the internal field arising f r o m  t h e  p h a r l . ’ i t i o n  of

surround ing molecules. Lorent ;‘ ci lea l i t -a t Ft is  is t he fit-I d

i r i s  In g  f r o m  the  p o l a r i z a t i o n  charge  on thc - s u r f  a ct- h a sp h e r i c a l



138 STEIN AND IIONC

cav ity .f a d ie -li -ct n c  w h i c h  l ea i l s  to the  result

n~ 4 .‘ -

E 
I (27)

- i - I t  -

The use  oh  t h i s  ore-nt z f ic- Id in Eqs. ( .‘4 ) and (2’,) leads to t he

I i. re-n;’ — L orent 1. •-qtiat ion . This e qi la t  io n  i s  sa t  Isf.o tory for 1yi ae -

or isotrop i.- l i q ii i tls hut its application to  an anisotropic cr’.’st - i l

is incorrect. We b elieve that its err emnious use In relating the

p ola r l z ab i l i t i e - s t o  t t u ~ refractive index ot n—paraffin crystals has

led to the- vi - rv low vii l ,e- oh r of 0. 1 A
3 

[26] as compared with
PM

t he  higher ve lu r ~f 1 . 47 obtained by I)e-nbi gh [9] from gas—phase

li ght—sc attering depolarization measurements [27]. It is not

reasonable’ to .i commodate an elongated polyethylene chain within a

spherical cavit y , and Stein has proposed [27] an a l t e r n a t e  appr o ac h

utilizing a c~- l indri c a l cavity within which the internal field

factor - . is defined by

- 
(E ) = ‘- F (28)

—e if  I j o

is different parallel and perpendicular to the axis of the cylinder

and depends upon its axial ratio. It was shown that with reasonable

values of the ax ial ratio , the difference between the: two values

of ma - be- understood .

More recently, Hong and Stein [28] have developed a theory for

the  i n t e r na l  h i t - I d  w i t h i n  a p o l y e th y lene c r y s t a l  based upon a

summat ion  over the  contribution from dipolar f ields of neighbor ing
molecules. A pol yethy lene ch ain in a crys tal is replaced by a

cylinder with differing longitudinal and transverse polarizabilities

located at t h e  position of the real chains in the unit cell of the

pol yethylene crystal. The induced field at position p within a

crystal arising from a point dipole at posit ion r
1 

removed f rom

p is given by
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. r  ) nit
c = r . — ( i i

ii) -

r
1

5

Ihe total internal fte:ld it r i s  then Civen I-v

(E . ) = E
~ m n t  p 1 - i p

iC e di pole moment ~~1s obtained from the to ? i l t i c - I - I  ii i h r - i ’ -

~
I
I 

= I i
i !~~i 

(I i )

whe r e . . is the polarizabi ii ty tensor at i . an r - ‘ d O  i . i  -< j a i l ’,-

polarizable element , Eq. (31) becomes

rn
1 

= ~.(E1 
. a

1
) a

1 
+ t 21E (12

where is th.- anisotropy of polarizability of the i—tb volume

element , (~~1. — a
21
), and -l~~ is a unit vector along t i t e  principal

polarizability axis. is obtained in turn by adding l i d  the

external field , the internal field at I of t h e nou n - d u e s  s u r r ou n d i ii~

p o i n t  i.

This procedure is carried out by summing over an infinite

n r ’ 1’st ,il using iteration . In this way , the rat i i i  t n t  t h e  di pole

mom ent to the externally applied field may he d e t e r s i n e d  l e a d i n g

to an expression for the internal tie ld factor

In
I

= - - -_---- ( 3 _ I )
E - i ’

This procedure is extended to a disordered strut -tur .- , u sin g the

St at 1st 1 i-a I segment mod if I -at Ion . For t Iil a p u r p o s e -  Eu a. (29) antI

(3) are rep laced by an integrat ion over a segment distribution

f un c t  Ion
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I ( m  . r ) (34)
E = P ( r  , a)  P r — dr
p p p p

r r
P p

where  P ( r , a )  i s  t h e  p r o b a b i l i ty  that a segment will lie at a

d i s tan c e  r from p and be oriented in the direction a. The solution

of t h i s  equiat ion requires assuming some form for the segment

distribution function . This function could be expanded In

spherical harmonics where the coefficients serve as correlation

functions in -e manner similar to that used in the theory of light

scattering from systems having nonrandom orientation

correlations 129 , 30]. The coefficients in this expansion serve

as correlation functions which describe how molecular order

decreases with increasing molecular separation . These contain

correlation distances which serve as measures of the size of

ordered reg ions . In this manner it would be possible to account

for the Interna l field effects.

Let the reference molecule at position p be oriented in the Z

direction and consider the effect of a second molecule , i , located

at a vector distance r . hav ing angula r coordina tes ut and

(Fig. 4) which is oriented with its principal polarizahility axis

a
1 

at angles B and y .  For an applied field in the Z direction ,

Eq. (29) gives ~or the components of internal field at p

= (E/r3 j3~~
(sth w cos P)

2 (sin ~ cos B cos y’

+ 3 ~n . (sin2 ui sin ~ cos t~ ) (sin cos B sin y)

+ 3 [-
~ + 

~~ 
(cos2 13 — (1/3))] sin ut cos ii, cos ç’

_ l i- j sin t3 cos B cos
~~~I 

(IS )

= (F/ r 3 ) 3i5
1

(s in2 s1n-’~’ cos q) ( sin 13 cos ~ cos

+ 3 n~ (sin ut sin 
~)
2 (sIn 13 cos 13 sin y)

+ 3 [ t e
’ 

+ i5~~(cos 2 
13 — (1/3))] sin ut cos ut sin ~‘

sin C cos 33 sin y} (36)
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z z’
•
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~~‘/i L—~‘I i—~

i ~~~~~~~~~~~~~~~~~~~~~~~~~ X
I C

/ I
/

/ I
V 

~

FIG. 4. The angles ut and up defining the orientation of the
vector r~and the angles B and y defining the orientation of the
principar polarizability axis of the i--tb bond .

and

= (E1r 3) ~ 3 61
(sin ut cos u cos utu ) (sin F cos 33 sin )

+ 3 &~, 
(sin ut cos ut sin uji) (sin 8 cos B cos

+ + (cos 233 - (1/3))] [3 cos
2 

ut - 1 1 1 (37)

The average internal field components at the- origin is then

found by averaging over angles. It Is convenient to define the

averages

F
1 

< sin B cos B cos / / P(33, -v’) sin
2 

B

cos B cos y dBdy (38)

F
2 

sin B COB sin ~ > 

2i~ 

/ y )  sin~ 33

cos B sin ‘C’ dBdy (39)
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and 271 Tn
2 1 1 2

= Ci)5 = P ( V , i)  cos 13 sin B d :-d~ (40)

The function h’ ((-I , ‘v’) expresses the probability that the p ol .i rf :’ab il itv

axis a of tbu ~- i- thi bond will he oriented at angles B and y wi t h

respect to the first bond . We shall assume that this is cy lind r ic .ill v

sy m m e t r i c a l  and independent of y so that F
1 

F
2 

= 0. T h u i s  the

average f i e l d  strengths will be given by

= - - I t . + (2/3) -~~F .1 sIn ut cos ut cos up ( 4 1 )
i ,X1) r 3 ~ I

(F

1 YP 
= ~~ + ( 2/ 3 )n ~~~

1
F

1
~~~~] sin w cos ut sin u4 ( 4 2 )

and

E

~i,zp 
~~ ~~ 

+ (2f3)~~1
F .1 J (3 ~ -

~~~~ (43)

where

F1. = [3 cos
2 

C — l]/2 (44)

The fun ction F~ 1 
characterizes the correlation of orientation of

two molecules separated by vec tor distance and diminishes with

increasing magnitude of r.

The total average field at point p is then found by summing

over all contributions from bonds i to give

E ~~~~~~. E = E i + E  j + E  k (45)
-p -Ip -xp -yp —z p

El we fur ther assume that there is cylindrical sylmnetry of bond

distribut ion in u~, then E E 0 so
—xp —yp
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= E  k
P zP~

where

= 
~ (E/r 3 ) 

j 
[ t ~ + ( 2 / 3 ) n ~~

1
F 1 . ]  [3  cos u I

~ 

(4 7)

A similar treatment for the case where th u applied fi eld ia along

t he  X ( c i t  the Y) axis leads to

~ = E  i (48)
-p xp

w h e r e

I = ~ (E/r~ ) [
~~~ 

- (l/3)~~1
F .~~][3 s1n

2
~ cos

2
- - I i  ( 4 9 )

The evaluation of the internal field then requires the

assumption of some form for F.. . Rather than assuming an emp irical

function to represent correlation in a partially ordered amorphous

structure such as that portrayed in Fig. 5, we sha l l  i d e a l i z e  i t

as a two—phase model shown in Fig. 6 consisting of I) cy lindrical

domains within which there is crystal—like order where F . . = I
L ]

surrounded by 2) a random phase where there is comp lete disorder

where F1. = 0. Consequentl y Ft 4 .  (48) becomes

— 3 2 r
E = E -. [(h r )(3 COS Ui — 1)ri ~

] + N I / r
ord d is

2(3 cos cl — 1) - c ]

= ( ~ 
) + ( ~ 

) (SO)
- zp ord -zp d is

while Eq. (49) gives
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FIG. 5. The part ially ordered amorphous phase in which closely

spaced chains tend to lie parallel to each other.

— 3 2 2 3
E E [ h r  )(3 sin ut cos up — 1) a1] ~di 

[1/r )

~~~ 
cos

2 
up - 1)

~ (E ) + (E ) (51)
-xp ord -xp dis

where all of the molecules are considered identical and

= . + (2/3) -
~~~~ 

(52)

-- ( 1/3 )  tI (53)

To eval uate (E ) and (F ) , we may use the results of the
-zp ord — xp ord

previous trea tment [28] for crystalline polyethy lene which gives

—
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‘I 1 hI

i~ 
I I  211

II I I II ’’I’ I I
I I IC I~ hi ~I (

I i

FIG. 6. The idealized two—phase model consisting of cylindr ical
ordered regions imbedded in a disordered matrix.

(E ) = F Z (2 / r  c 
2 ) (sin 3 

Sini ,)-- zp ord - z i l  i

= K ’E4~I~

and

~~xp~ ord ~ ~ 1(2 x i
2k 

1C~
4 ) ( 3  sin u j - sin

3 

~~

— 2 s i n ut / r  C ai xi I

— K En1 (55)
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where i is t he  d i e l e c t r i c  constan t (assumed constant  as and

and C is defined as
x I

2 1/2C
1 

(x
1 

+ V
1 

) (Sb)

where x and v are  the  coordinates of the i—th molecule and K
,i I z

and K .are the interna l field factors . In Eqs. (54) and (55),

the angle w
1 

i - ~ d e f i n e d  as tan 
~~

, H/C
i 
according to our previous

t r e a t m e n t , wh ere 211 I s the height of the cylindrical cavity . The

s u m m a t i o n  was c u r r i e d  out over the volum e of the cylindrical cavity

of he igh t  211 and radius R.

The l n t t - r a l  f i e l d  f rom the disordered phase is evaluated

utilizing th - - previously published calculation of the internal

field within a cy l indrical cavity [27] giving

(~ 
) = n~ - 1) [1 - f/(l + f

2
)1’2] E

-zp dls — 0

= K” E (57)
z — - o

and

(~~ ) = [(n
2_l)/2] [f/(l + f

2
)1’2]

— xp dis

= K” E (58)
x -o

where

f = H/R (59)

is the axial ratio of the cavity. n is the average refractive

-.  
ind ex of the polymer.

The total internal field at p is then

~ K u  E + ( K / c ) E  (60)-xp z tI - e f f ,z z z -o
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and

E = K a, F + (K ft  ) F ( 6 1 )z 
~ 

- e f f ,x z x 0

The dielectric constants must be i n t r o d uc . - 1 in t o  t i n -  —a ’ c ouid  t e r m s

to account for the modification of the pola riz-i t ion fie ld of the

disordered amorp hous phase by the medium within t h e  c a v i t y .  Since

the effective field is the sun of the applied field and internal

f i e l d , it must be evaluated b y an i t e r a t ion process lead i ng to

1 K
’

E = - - -  -i---—-— 1 ÷ Fl (62)e f f , z 1 — k a - o -

Z Z

= K Ez 0

and

K
F = 

1 l i +  x E (63)
— eff , x , I —

1 — K
x

The e f f e c t i v e  anisot ropy may then he c a l c u l a t e d  f r o m

~
‘
~~= K a  — K a ~ (64)

z

This calculated anisotropy will include the total contribution of

all the molecules within the ordered region which are subjected to

the internal field which is modified by the ordering. Thus the

increase in anisotropy from ordering obtained in t h i s  way is a

consequence of both enhancement of anisotropy arising from the

association of molecules within the aggregates as well as the

e f f e c t s  arising from the in f luence  of ordering upon the  interna l

field. -

The anisotorpy has been calculated taking the d imensions of the

ordered region as an adjustable parameter. We have modified the

preceding proced ure in what we have allowed for some disorder in
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t h e  ordered reg ion , taking it as a paracrystal in which t h e  c ha ln .s

are  p a r a l l e l  to  c i c l i  o t h e r  but  where  they  may d e v i a t e  f r o m  t h e i r

ideal lattice points In i d i r e c t  ion p e r p en d i c u l a r  to  th e  c h a i n

(cylinder) axis. Two cases were considered : one where the

fluctuation i n  the x and v directions (parallel to the a and b

c ry s t a l  axes of t h e  p o ly e t h y l e n e  u n i t  c e l l )  was + I and + 0.5 A ,

respectively, and a second where the fluctuations are assymetric

and are between — l and +2 A in the a—axis direction and —0.75 to
0

+1.25 A in the h—axis direction . The paracrystalline lattices

pos sess in g such  t l u c t u at  Ions  were generated using a random number

routine with a computer , assuming that all values of lattice

parameters within the prescribed limits may occur with equal

probability. Polarizabi litles were calculated for the parameters

of the polyethylene unit cell where a — 7 .40 A , b = 4.93 A , and

c 2 .534  A. The values  of bond polarizabilities for the bonds

within a crystal corrected for the internal field effect , which

were prop sed in our earlier publication were employed . The

dielectric constant was assumed to be equal to the macroscopic

d i e l e c t r i c  cons t an t  of the  c r y s t a l  along each of the  three  c r y s t a l

axes.

In t h i s  way the  curves  of Fig. 7 were obtained which show the

v a r i a t i o n  of t h e  - f f e c t i v e  anisotropy of the  s t a t i s t i c a l  segment

def ined  by i - q .  (64) as a f u n c t i o n  of the diameter of the cylindrical

order ed reg i on for various values of its axial ratio . As expected ,

the anisotropy increases with the size of the ordered region and

does so more rap idl y as the axial ratio of the ordered region

bec omes greater. The increase is more pronounced for a more

disordered lattice .

The val ues are compared with the range of values calculated

from experimental stress—optical coefficients. In making such a

comparison , one must consider that the value of M’ obtained fr om

the stress—optical coefficient using Eq. (1) involves the assumpt i n

of the Lorentz field of Eq. (27) and is therefore not strictl y
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DIAMETER (A )
FTC . 7. The variation of the effe t i v u - anisotropv c I T  the

statistical segment of polyethylene with the d i am t- t c - r of the

‘y lindrical ordered reg ion for several values ot  j t  a x ia l  r a t i o .
(lalculat ions were carried out for p a r a c r y s t a u l  l O b  s t  ru jrtu rc 01 t h e
ordered region as~ uming (a) tca = + 1 A and - C = + C . 5 ~ (dashed
line) and (b) —l A > Aa > 2 A and — 0 . 7 5  A ‘.h > l . J ~ .-\ (solid
line). Values are compared with the r an ge  of c i i  u u l - u t c d
experimental values of A

comparable with that given by Eq. (64). Thus one U I I c u I l c l  . I c t u J a u l v

(empire the quantity
-, 

(-2 + 2)
2

-, (~ ) (t) ’)~)exp - - --- -- --- -—- s exp
9

w h i c h  I s  t h e  p roduc t  of the  e x p e r i men t a l  st.-gm & - nt  an i s u ’t r u p y  and ICc -

Internal field correction factor with Eq. (64) rather than At’
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I t s e l f .  The r u n c  c u t  & x p e r i i n t - n r . u l  v a u u i -s of ~ o b t a i ne d  in thi s
‘ -x p

way i s  i n d i c a t e d  in l~ i c .  7 .

It Is flu t ed that f o r  r e a s o n a b l e  v a l u u - s  of a x i ; u l  r a t i o s , t iut -

d i am e t e r  of t hi- n i  ck red region would h a v e  t o  be less  t h a n  10 A

in order th .c t t u e  t h e o r e t i c a l l y  predicted values of A l ie within t I c

range of those obtained e x p e r i m e n t a l l y .

CONC LUS IONS

i t  is  & -v i d e u i t  t h a t  e x p e r i m e n t a l  va lue s  of F o b t a i n e d  f r o m  SOC

m e a s u r e m e n t s  a r c -  not consi tent with long—range ordering in the

amorp hous phase - ( ens id e ra t  io n of the  e f f e c t s  of m u t u a l

o r i e n t a t i o n  of a m o r p h o u s  segments and internal field effects are

consistent with an orienting reg ion in the dry polymer containing

a small number of amorphous segments and having dimensions in the

ranpe of 5 to 10 A. These dimensions are comparable w i t h  the

range ol ordering found for low molecular weight liquids and a rc

much sm-iller t han the dimensions of ordered regions postulated

in some ri-cent d i s c u s s i o n s  [24 , 2 5 ] .
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